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ABSTRACT. In this paper we study the local and global regularity properties of the Za-
kharov system on the half line with rough initial data. These properties include local and
global wellposedness results, local and global smoothing results and the behavior of higher
order Sobolev norms of the solutions. Smoothing means that the nonlinear part of the
solution on the half line is smoother than the initial data. The gain in regularity coincides
with the gain that was observed for the periodic Zakharov [13] and the Zakharov on the
real line. Uniqueness is proved in the class of smooth solutions. When the boundary value
of the Schrodinger part of the solution is zero, uniqueness can be extended to the full
range of local solutions. Under the same assumptions on the initial data we also prove
global-in-time existence and uniqueness of energy solutions. For more regular data we

prove that all higher Sobolev norms grow at most polynomially-in-time.

1. INTRODUCTION

The Zakharov system is a system of non-linear partial differential equations, introduced
by Zakharov in 1972, [29]. It describes the propagation of Langmuir waves in an ionized
plasma. The system consists of a complex field u (Schrédinger part) and a real field n
(wave part) satisfying the equation:

;

iUy + gy = nu, € RT=(0,00), t€RT
Nt — Nggy = (|U|2)m,
(1) u(z,0) = g(z) € H*(RT),
n(z,0) = ng(x) € H*'(RY), ny(z,0) = ny(z) € H*1(RY),
u(0,8) = h(t) € H5 (RY), n(0,1) = f(t) € H (&),

\
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with the additional compatibility conditions h(0) = g(0) when sy > 3, f(0) = n(0) when
51 > % The compatibility conditions are necessary since the solutions we are interested
in are continuous space-time functions for s > 3. The function u(z,t) denotes the slowly
varying envelope of the electric field with a prescribed frequency and the real valued function
n(x,t) denotes the deviation of the ion density from the equilibrium.

Smooth solutions of the Zakharov system posed on R or T obey the following conservation

laws:
lu()||l2cry = [luollz2 )

and
2 1 2 1 2 2
E(u,n,v)(t) = [ |Ozul*dx+ = | n*de+ = | vidz + | nlu|*dz = E(ug, ng,n1),
T 2 Jr 2 Jr T

where v is such that n; = v, and v, = (n + |u]?),. These conservation laws identify
H' x L? x H™" as the energy space for the system. Here H~' = {0, f : f € L?}. In the case
of the semi infinite strip the solution u,n models waves that are generated at one end and
propagate freely at the other. In this paper we continue our program initiated in [14] of
establishing the regularity properties of nonlinear dispersive partial differential equations
(PDE) on a half line using the tools that are available in the case of the real line where
the PDE are fully dispersive. To this end we extend the data into the whole line and use
Laplace transform methods to set up an equivalent integral equation (on R x R) of the
solution, see (9) below. We analyze the integral equation using the restricted norm method
and multilinear L? convolution estimates.

For the initial and boundary value problem and for nonzero boundary data as far as
we know the wellposedness theory of the Zakharov system is unknown. In this paper we

adapt the method of [14] to the Zakharov system to establish the wellposedness theory and

1 3

essentially match the known results on R. We say (s, s1) is admissible if sy € (0, g)\{g, b

s1€ (=3, 3)\{3} satisty
1
0<sg—s1 <1, 280>81+§>0.

Definition 1.1. We say (1) is locally wellposed in H*(R*) x H**(R™), if for any g €
Ho(RY), h € H5 (RY), ng € H2(RY), ny € H*"Y(RY), and f € H*(RY), with the

additional compatibility conditions mentioned above, the integral equation (9) below has a
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unique solution in
20+1

(2) (XN CYH N COH, T ] x [V N CYH N COH,

for b < % and for sufficiently small T' depending only on the norms of the boundary and
initial data. Furthermore, the solution depends continuously on the initial and boundary
data. In the critical case, so = s; + 1, we replace the space X*°* with X503 qnd Y with

Ysust, For the definition of the spaces X** and Y*''* see the next section.

Remark 1.2. The different approach in the critical sy = s1 + 1, and non-critical case for
the Zakharov system is by now a standard feature of the theory. In the critical case one is
forced to work in X503 for the Schrodinger part of the solution. To prove continuity of the
flow one needs an estimate on a new norm, see [17]. This is the Z norm in Proposition
4.1. We also loose a small power in the time variable but we can close the iteration scheme
by an additional gain coming from the nonlinear estimates. The situation is similar to the

real line case and more details can be found in [17].

Below we provide a short summary of results on the wellposedness theory of the Zakharov
system. A more comprehensive account is given in [13] and in the references therein.
Recall that the Zakharov system is not scale invariant but it can be reduced to a simplified
system like in [17], and one can then define a critical regularity. This is given by the pair
(s0,51) = (%452, %*), which is on the line sy = s1 + 3.

The restricted norm method was used to study the Zakharov system first in [9]. Later
in [17] a comprehensive account of the local wellposedness theory on R? was given. In
dimensions 1 and 2, the lowest regularity for the system to have local solutions has been
found to be (s, s1) = (0,—3), [17], [23]. It is harder to establish the global solutions at
this level since there is no conservation law controling the wave part. On R, this has been
done in [10]. This result is to be expected since the cubic NLS, which is the subsonic limit
of the Zakharov system, is globally wellposed in one dimension. On R?, the cubic NLS is
L? critical and the time of local existence depends not only on the norm of the initial data
but also on their profile. In [3] the authors prove L? wellposedness of the Zakharov system
on R2. In addition they proved that the time of existence depends only on the norm of the
initial data. In this sense the Zakharov system behaves better than its limit. However, the

local solutions cannot be extended globally-in-time, since we know that the L? solutions
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of the Zakharov system in two dimensions blow up, [18, 19]. On the other hand if the
Schrodinger initial data have small L? norm, one can prove global wellposedness even with
infinite energy data. For the details see [15] and [25].

For the periodic problem, Bourgain proved that the problem is locally wellposed in the
energy space using the restricted norm method, see [7] and [8]. Bourgain’s result was
extended in [28] to a local wellposedness result in H® x H*' x H*~ ! for s; > 0 and
max(sy, 5 + %) < so < 514 1. A recent result, [24], establishes wellposedness in the case of
the higher dimensional torus. The problem with Dirichlet boundary conditions has been
considered in [16] and [20] in more regular spaces than the energy space.

The energy solutions exist both in R and T for all times due to the a priori bounds on the
local theory norms. We should note that although the quantity [, n|u|*dz has no definite
sign it can be controlled using Sobolev inequalities by the H' norm of u and the L? norm

of n. This gives the following a priori bound, c.f. [26],
3)  Mu@®llm + @2 + (el -1 S NwO) [z + [120) 22 + 10 (0) [ 51, T € R.

Unfortunately this is not the case for the equation (1) due to the presence of boundary
conditions.
The main result of this paper is the following theorem. The operators W{ and V{ are

the u and n parts of the solutions of the linear part of the system (1), see Section 2 below.

Theorem 1.3. For any admissible pair (so,s1) the equation (1) is locally wellposed in
H*(R*) x H**(R"). Moreover, in the noncritical case when sy < sy + 1, we have the

following smoothing bound
u—Wi(g,h) € CYH*+*([0,T] x R)
n — Vi (no,n, f) € CYH ([0, T] x RY),

(1 1 5 . 13
for any ag <m1n(§,51+§,sl—304—1,5—30) and a, <m1n(30—81,280—31—5,5—31).

In the case sy = s; + 1, we have the one sided smoothing
n—Vg(no,ny, f) € CYH ™ ([0,T] x R),
Jor any a; < min (1,2 — sy).

Remark 1.4. For the Zakharov on the torus a similar smoothing estimate was proved in

[13]. Following the method there one can prove similar estimates for the Zakharov system
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on the real line. A global smoothing estimate on R for data close to the energy space was

given in [26]. More recently smoothing on RY was obtained in [12].

To prove the above theorems we rely on the Duhamel formula of the nonlinear system
adapted to the boundary conditions, which expresses the nonlinear solution as the super-
position of the linear evolutions which incorporate the boundary and the initial data with
the nonlinearity. Thus, we first solve two linear problems (4) and (5) by a combination of
Fourier and Laplace transforms, [14], [4], after extending the inital data to the whole line.
The idea is then to use the restricted norm method as in [11], [22], [14] in the Duhamel
formula. The uniqueness of the solutions thus constructed is not immediate since we do
not know that the fixed points of the Duhamel operators have restrictions on the half line
which are independent of the extension of the data. To accomplish that we need some a
priori bounds on the solutions. Such a priori estimates for the difference of two solutions
and smooth data is a classical result, see [1], [2], [27], [21]. To prove uniqueness for rougher
data we use an approximation argument that relies on the existence of global smooth solu-
tions. Unfortunately, the local conservation identities leads to useful a priori global bounds
only when A = 0. Under this additional assumption, we obtain global energy solutions and

uniqueness in the full range. We summarize our results in the following two theorems:

Theorem 1.5. For any admissible pair (so, $1) satisfying so > 2, s1 > 1, the solution of
(1) given by Theorem 1.3 is independent of the extensions of the initial data. The same

statement also holds for the remaining admissible indices provided that h = 0.

Theorem 1.6. For any admissible pair (so, $1) satisfying so > 1, s > 0, the solution of

(1) given by Theorem 1.3 can be extended to a solution in

2s9+1 ~
0 H 0 g+ 0 o 1 frsi-1 0 21
CtE[O,T] ;(éw N CxeR+ te[é,TJ X [CtE[O,T] ;1€R+ N Cte[O,T] ilew N CmeR+ tsel[o,T]

for any T > 0 provided that h = 0. Furthermore, the smoothing given by Theorem 1.3

remains valid, and [[u||g=o®+), |nllm= @), |7l go-1mey can grow at most polynomially-

m-time.

We now discuss briefly the organization of the paper. In Section 2, we construct the
solutions of the linear problems and set up the Duhamel formulas of the full system. The

Duhamel formula incorporates the extension of the data on R and the evaluation of certain
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operators at the zero boundary. We note that the solution is constructed on R but its
restriction on R™ satisfies the PDE in an appropriate sense.

In Section 3 we introduce the restricted norm method and prove the linear and nonlinear
estimates (in the non-critical case) for the components of the solution that were defined
in Section 2. The estimates for the critical case are given in Section 4. Section 5 contains
the description of the iteration that leads to the proof of Theorem 1.3. We also provide
the proof of uniqueness in the case of smooth solutions. In Section 6 under the assumption
that the boundary term of the Schrodinger part of the solution is zero we obtain a priori
bounds on the energy space and thus we show how the local solutions can be extended to
global ones with initial data on the energy space or smoother. This result is then used in
Section 7 where uniqueness in the case of rough initial data is proved by an approximation
argument. The last section, Section 8, is an Appendix where we state two calculus lemmas
that we use throughout the paper.

We finish this section by introducing some notation. We also define the solution spaces

that give meaning to the definition of wellposedness.

1.1. Notation.

3(6) = Fo(6) = / eyl

© = VITTEE.
e =l = ([ @ ae)ra) "

lg]
For s > —%, we define the space
H*(R") = {g € D(R") : 35 € H*(R) so that §x (o) = g},

with the norm

9] rr=r+) == inf { ||| m=r) : GX(0,00) = 9}-

The restriction s > —1/2 is necessary since multiplication with x(o,cc) is not well-defined
for s < —1/2.
For s > —3/2, we define H*(R*) = {8,f : f € H**'(R*)} with the norm

102 /1

We also define H(R) analogously.

ey = I fllmser @)
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We denote the linear Schrodinger propagator (for g € L*(R)) by
g () = F L[5 ().

We will similarly use the notation e for the linear wave propagators on the whole line.

For a space time function f, we denote

Dof(t) = f(0,1).

Finally, we reserve the notation 7(t) for a smooth compactly supported function which is

equal to 1 on [—1,1].

2. NOTION OF A SOLUTION

We start with some remarks on H*(R*) and H*(R*1) spaces. First, given g € H(R")
for some s > %, take an extension g € H*(R). By Sobolev embedding g is continuous on
R, and hence ¢(0) is well defined.

Second, any H*'!(R) extension f of f € H*t!(R") gives an extension of g = d,f €
H*R*) to R by

§=0.f € H*(R).

Note that g and g agree as distributions on R*.
We have the following lemma from [14] (also see [11]) concerning extensions of H*(R™)

functions.

Lemma 2.1. Let h € H*(R") for some —3 < s < 2.
Z) [f—% <s < %, then ||)((07oo)h| Hs(R) < ||h| Hs(R+)-
it) If + < s <2 and h(0) =0, then ||x (0,00 || %) S || 12]

H3(RF) -

To construct the solutions of (1) we first consider the linear Schrédinger and linear wave
equations on R with boundary data. For the linear Schrodinger,

i+ Uy =0, x€RT tERT,

(4) 2et1
u(x,0) = g(x) € H*(RT), u(0,t)=h(t)e H 1 (RY),

with the compatibility condition 2(0) = g(0) for s > 5, we refer the reader to [14], also see

[4]. Note that the uniqueness of the solutions of equation (4) follows by considering the
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equation with ¢ = h = 0 with the method of odd extension. Given extension g. of g, we

denote the solution by W((ge, h), which can be written as

W5 (ge, h) = W§(0, h — p) + €% g,

2s+1

where p(t) = n(t)[e"®g]| _,, which is well-defined and is in H™ 4 (RT) by Lemma 3.1
below. The properties of the boundary operator W{(0, k) were established in [14]. We state
the results we need in the next section. It is important to recall that W{(ge, h) is defined
on R x R but satisfies (4) on RT x [0, 1]. Moreover its restriction to RT is independent of
the extension g..

We now consider the linear wave problem:

Ny — Nge = 0, o, €RT,
(5) n(z,0) = ng(x) € H'(RY), ny(z,0) = ny(z) € H*(RT),
n(0,t) = f(t) € H*(R™).

First note that the restriction of
(6) V5 (0, f)(2) == [X(0,00)f](t — 2)

to RT is the solution of (5) when ng =n; = 0.

As above, let n., and n.; be extensions of ng and n; to R with the property that

[neollmor ) S lInollas@e), el ga-1®y S Il o1 @ee)-

We define
Yy () = neo(x) £ 8;17161(3:) € H*'(R),
Let VE(¢%, f) be defined on R x [0, 1] by

) VW, D)@ = & [P0 + e ] + 10, — 1) (o)
where
(8) r(t) = %n(t) (Doc™ 1, + Doc™P ) .

Note that the restriction of V{(1)*, f) to RT x [0, 1] is the solution of (5).

Now we write a system of integral equations equivalent to (1) on [0,7], T' < 1:

o) { lt) = 0O WS (gesh) = in(t) fy €= F(u,m) dt' -+ ()5 (0, ),
n(t) = Ve (9%, 1) + IO +n0) = SOV, 2),
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where
(10) Flu,n) = n(t/T)nu, and g(t) = n(t)D()( /0 ¢lt=t)0sz Py ) dt’).
(11) ny = :I:/t % Qu)dt, G(u) = n(t/T)d,|ul?,

(12) =(t) = n(t) Do(ns +n_)

= n(t) (DO( /O t e<t—t’>3wG(u)dt’> - D0< /0 t e—“—t’)@wG(u)dt')) .

In what follows we will prove that the integral equation (9) has a unique solution in a
suitable Banach space on R x R for some 7" < 1. Using the definition of the boundary
operators, it is clear that the restriction of u to R™ x [0, T satisfies (1) in the distributional
sense. Also note that the smooth solutions of (9) satisfy (1) in the classical sense.

We work with the spaces X**(R x R) [5, 6]:

(13) HUHXS,b = HiL\(T’ £)<£>S<T +£2>bHL3L§ - Heiitazzu

|H;H§?

we also define the wave equivalent of the X*? space:

(14) 7]

v + ||n—|

Ys,b) B

veo = (A7 F 63y, = 0]

We recall the embedding X, Y** ¢ CPH? for b > 1 and the following inequalities from
5, 17).
For any s,b € R we have

yoo = _inf (|Ins

where

7]

H3H}

(15) In(t)e" g

ForanysER,O§b1<%,and0§b2§1—bl,wehave

xor S gl

t

(16) [t / =0 p)at| | en.
0 X=02

Moreover, for T' < 1, and —% <b <by< %, we have

(17) 1n(t/T)F || 00 S T Fl a0
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Also note that, in (17), one can replace strict inequalities with equalities in the b indices
by loosing T~¢, for a proof see [17]. Analogous inequalities hold for the norms vl
3. A PRIORI ESTIMATES

3.1. Estimates for linear terms. We start with the following estimates from [14] for the

Schrodinger part of the equation:

Lemma 3.1. (Kato smoothing inequality) Fiz s > 0. For any g € H*(R), we have
n(t)ed=g e COH, * (R x R), and we have

2201 S |9l

t

Hneitamg Hs(R)-

|LgoH

Lemma 3.2 and Proposition 3.3 below show that the Schrédinger part of the boundary
operator belongs to the space (2).

2541
1

Lemma 3.2. Let s > 0. Then for h satisfying X(,00)h € H
2541
CPHS(R x R), and n(t)WE(0,h) € CVH, * (R x R).

(R), we have WE(0,h) €

2s+1

Proposition 3.3. Let b < 1 and s > 0. Then for h satisfying xo.)h € H 7 (R), we

have

t
InOWo(0, Mllxcee S lxooa bl 2epr -

Now, we present analogous results for the wave part of the equation.

Lemma 3.4. Fir s € R. For any g € H*(R), we have n(t)e*'%g € COH(R x R), and we
have

+t0s q

H776 ‘LgoHts 5 ||g| Hs(R)-

Proof. This is immediate since translation is a continuous operator on Sobolev spaces. [

Proposition 3.5 and Lemma 3.6 below show that the wave part of the boundary operator

belongs to the space (2).

Proposition 3.5. Let b € R and s > —1/2. Then for h satisfying xo,)f € H*(R), we

have

In(®)V5 (0, f)

yoo S X (0,00) f 1 13 ®)-
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Proof. Let fo(t) := X(0,00)f € H*(R). Note that the definition (6) of V{ f is

VE)t(Oa f)(ZL’) = fe(t - l‘)

Therefore

(VG (0, F)llyso < lIn(t) fe(t — )|

ysb = |’77(t)fe(_$)‘

HSHY S erHHS(R)' 0

Lemma 3.6. Let s € R. Then for f satisfying Xo,0)f € H*(R), we have V§(0, f) €
COHI(R x R), and n(t)V(0, f) € COHF(R x B).

Proof. This is immediate from the definition of V{ since translation is a continuous operator

on Sobolev spaces. O

3.2. Estimates for the nonlinear terms. In this section we discuss estimates for the
nonlinear terms in (9) in order to close the fixed point argument and to obtain the smooth-

ing theorem. A variant of the following proposition was obtained in [14], also see [11].

Proposition 3.7. For any b < %, we have

2s+1 5
COH, * (RxR)

t
Hn / =% Py
0

| F'|| x5, for0<s <3,

1F || s + || o (X +§2>284_3|F\(§7)‘)|d§HL§ for 1 <.

Proof. 1t suffices to prove the bound above for 77D0( fot etz P! ) since X*? norm is
independent of space translation. The continuity in z follows from this. Note that, ignoring

the dimensional constants,

t t
D0< / e“t—t’)amth’) = / / e E P(E, ¢ dt de.
0 R JO

Using
FEY) = [ ePF(gNax
R
and o
/t ) gy _ Cit(E+N) _ 1
0 i(A+&%)
we obtain

it —ité?

Do( /0 t e“t—t’)amth’) - /R 2 ﬁF(g,)\)dgd)\.
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Let ¢ be a smooth cutoff for [—1,1], and let )¢ = 1 — ). We write

itA efztﬁ

1(6) Do ( /0 0 ') = () /R ey YO+ ER(E Nz

RN =N e—it§2
+n(t N+ E)F(E, N)dEdN — t/,— A+ EF(E, N)dédN
o) [ gt O FE N () [ i+ F(E Ve
= I+II+1II.
By Taylor expansion, we have
eith _ oite? _ _gitA i (—it)k
A+ &2 ~ k!
Therefore, we have
t 1 , ~
17l <Z”” - / OO+ €O+ €)B(E V| s
R2 t

o0

/R A+ )+ ) (EN)

k=1

2s+1

s o

/R B+ €N

By Cauchy-Schwarz inequality in £, we estimate this by

s ([ @) @i ara)m]

2s5+1

1/2
s,—b A) 2 254 <
e NGO

S IF

Xs,—b.

The last inequality follows by a calculation substituting p = £2.

To estimate H[U—HHL%# we divide the ¢ integral into two pieces, |{] > 1, || < 1. We

(R)’
estimate the contribution of the former piece as above (after the change of variable p = £2):

i [ 5o+ nPOm NS o Se [ mpiee e,

By Cauchy-Schwarz in A integral, and using b < %, we bound this by

/p . | A P P 5 1

Xs,—b.
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We estimate the contribution of the latter term by

(e 2o X1, (€) ~ X-11(6) | 5
PN+ ED|F(E N dgdAg/ Sl | F(E )| dEd.
I e (h+ €)|F(E, ) P )
For b < 3, this is bounded by || F|| xo,.-» by Cauchy-Schwarz inequality in £ and A integrals

For the second term, we have

70 s ) S Il [N [ o0+ 9B
< [ / ﬁ\ﬁm)
S| [+ Time e L2+H/ ’ff@ B,

We bound the second summand by

where we used the inequality (\) < (X + £2) + &2

Cauchy-Schwarz as follows

[/R </<)‘%2‘>22bd5) (/%|ﬁ(f, )‘)|2df>d)\] 1/2
Sl f u%%wdf)w S I Flxes.

This finishes the proof for s > % For s < %, by Cauchy-Schwarz inequality in &, we

[0 [ gy

estimate

by

[/RO\)QQH(/ O+ §2>12—2b<§>2sd£> (/ <>\<—|—§—>§:>2"’ﬁ<£’)\)‘2d€>d>\]
XemrSUP <<)\> = / A+ £2>12—2b<§>23 dg)m S IF

1/2

Xs:—b.

S IF]

To obtain the last inequality recall that s < 1,b < 3, and consider the cases || < 1
and |£| > 1 separately. In the former case use (A + £2) ~ ()), and in the latter case use
0

Lemma 8.1 after the change of variable p = £2.

We have a similar proposition for the wave part:

Proposition 3.8. For any b < —, we have
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t
H” / e Gay <
0

CYOHE (RxR) "
Gy 5o + [N fo prg|GE )\)’(EHLK for —5<s<0,
”G|Y;,7b Jor0<s <1,
1Gllysm + || oA F € HG(E MIdE| z for 5 < s.

Proof. We consider only the '+’ case. As in Proposition 3.7, it suffices to prove the bound

above for nDO(fJ =% Gdt’). As above, we write

QA _ gite R

1) Do ( /0 t %Gt ) = (1) /R 2 QM—_QW — €)G(€, NdedA

itA N i€ ~
nlt) [ s = OGN — ) [ (- OB(E Mg
R R2

2 i(A = &) i(A—=¢)
= I+ II+1II.
By Taylor expansion, we have
e — et i (—it)* k—1
e Y-8
k=1
Therefore, we have
Il S Ol [P0 0 1or - G(E Mg
pt k! R2 H; (R)

& s+1
< k
~ k!
k=1

o /R (A — & 1(A — E)G(E N)de

2
L)\

S o [ v -o1Ge Ve

5"
Lx

By Cauchy-Schwarz inequality in &, we estimate this by

() @) ([ omcera)n]”

2s —2s 1/2
v Slip (()\> /|/\_§|<1<§> df) S G

S 1G]

s,—b.
Y+

To estimate |[I1]|

Hs(®), We use Plancherel to obtain

Hs(R) N H<5>S/R#|é<§’ /\)|d)\HL2

| I11] n=g




REGULARITY PROPERTIES OF ZAKHAROV SYSTEM ON R* 15

< e ([ s=gmiCenra) |, < il

In the second line we used Cauchy-Schwarz in A integral, and b < %
ww S0 [ smwro-oc

g Sl =g

This finishes the proof for —5 < s < 0. For the remaining cases the proof is similar to the

For the second term, we have

111]

proof of Proposition 3.7. O

Proposition 3.9 and Proposition 3.10 below establish the smoothing for the nonlinear

Schrédinger part:
Proposition 3.9. For any admissible sg, sy satisfying so — s1 < 1, and for any
< mi ! + ! +1
min | = —, 51 —
Qo 2 y S1 2 y S1 S0 )

there exists € > 0 such that for s—e<b< —, we have

2] s S Ml [l e
Proof. Tt suffices to prove that
]| g rag s S IRl ol o,

the proof involving the norm Y*"* is similar.

By writing the Fourier transform of nu as a convolution, we obtain

(18) @(5,7’) = /ﬁ(fl,ﬁ)ﬂ(f — 51,7' — Tl)dgldTl.
Hence )
§ ron(§r, mu§ — &, 7 —
Hnu‘ Xso+ag,—b — H/ 2L 77_—1_’)_ §(2> - Tl)dfldﬁ L2

We define

f(&m) = [Aag, e (r - &)",

g(&,7) = la(g, T)IE)™ (r +€2)°,
and
(19) ]\4(517 57 T, 7_) — <£>80+a0 <€ >781 <§ - €1>7SO

(T+Em — &) T -+ (- &)H)0
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It is then sufficient to show that
2

H/M(&,S,ﬁ,T)f(&,ﬁ)g(f — &, 7 —m)déidny

LZL2

S IfI1llgllz= = linl

2ol

By applying Cauchy-Schwarz in the &7 integral and then using Holder’s inequality, we

bound the norm above by

1/2 1/2||?
H(/ M2d§1dﬁ> (/ f2(§1,71)92(§—§1,r—71)d§1d71>

L212

<sup </M2d§1dﬁ) H/f (&, 71)g° (€ = &, 7 — 11)dErdm

LiLk
_m{/Wmm)WMwm

Thus it is sufficient to show that the supremum above is finite. Using Lemma 8.1 in the 7

integral, the supremum is bounded by

/ (g)7eor2a0(€))21 (g — &)~
(THE)2(T =& + (§ — &)1t

Using the relation (1 — a){T — b) 2 (a — b), the above reduces to

(g)>e0t2a0 (€))7 1(E — &)~
Slflp/ (E2+& —(E-&)H

_ (g)7eor2a0 (1) 21 (g — &)~
Sup/ <£1 — 5% n 2€1€>1_

Replacing ¢ with £ — 3, it suffices to estimate

/ <£>230+2a0<§ > 251 <§ 5 > 250
<€1 - 2§1§>

Note that for |£| < 1, the integral is bounded by

—251—250
/ %d& <1,
1

sup d&,.

577—

A&y

dg,.

dg;.

sup
3

provided that sg 4 s; > —%.
For |£] > 1, we consider the cases: i) || < 1, ii) & — 2§ < 1, and iii) |&] > 1 and

& —2¢] > 1.
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In the first case, we estimate the integral after the change of variable p = & — 2£&,

dp = 2(& — §)d&:

e
g1 J i<l (P

provided that ag < %

By the same change of variable we estimate the integral in the second case by

|€|2a0 2s1—1
Sup/ —1dPN
€1 Jp|<e] <P>

provided that ay < s + %
In the third case, we bound the integral by (after the change of variable & — & + &)
<£>280+2a0

su
p/ (& — & (&)™ (& + g
Using Lemma 8.2, we bound this by

de,.

<£>250+2a0 <§>—251—230—2+max(1,281+1,250)+ — <€>2a0—251—2+max(17251+1,250)+’

which is bounded for
1 ) 1
ap < s1+1— 3 max(1,2s; + 1,2s9) = min(s; + 5751~ S0 +1). O
Proposition 3.10. For any admissible sg, s1 satisfying so — s1 < 1, and for any

1 A 1 5
§—So<ao<mll’1 5,814—5731—50_'_175_50 ’

there exists € > 0 such that for s—e<b< —, we have

m oo

Proof. We give the proof when there is the norm [[n||ys +» in the right hand side of (20),
+
youb 18 similar. Using (18), we can bound the left hand side of (20) by

o S lullxsoollnflyso.
A

the case of ||n]

H /R& + ) A, M)A — 60— A ldedh

(So+a0)

H/ )\+£2 f(gla)\l)g(é_fla)\_)\l)
g3 (§1)°1(6 — &) (A = E)PA =M+ (£ = &1)?)°

d&y
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where f and g are as in the proof of Proposition 3.9. Applying Cauchy-Schwarz inequality
in &, Ay, & variables it suffices to prove that
<)\+£2>so+aof%
%ﬁéwavws—awwm—fawx—xwws—am
Using Lemma 8.1 in the \; integral, we bound the supremum by
(1) sup | (A + g2yt
xJre (E)PHE— &) A =G+ (- &)

3
2

% d&ld)\ldg < Q.

—d&,d€.
Case a) 2 < 59+ ag < g Using

A+ SA—&+(E—&)D (&) —2¢)

we bound (21) by

_ 9g)sotao—3
/ 2<£1 — §;> dfldf
e (G2 Toma(g — )
For |¢] < [&1], we bound this by

1
d&dé <1,
/11&2 (£,)2s1+3=250—2a0 (€ — £)250 ST
by integrating first in £ then in & since 25y > 1 and 2s; +3 — 259 — 2ag > 1. For [§] > |&],
we bound it by

1 1
dede, < | ————de, <1
/|£>>§1| <£1>2S1+%fsofao <£>807a0+% § 51 ~ / <€1>251+2—2‘10 51 ~ L

since ag < s1 + %

Case b) 3 < so+ ap < 2. Using the inequality (7 — a)(r — b) Z (a — b) and the change
of variable £ — ¢ — 1, we bound (21) by
1
/R2 (€1)21(€ — &) (& (& — 28)) 70

The resonant cases when |£;| < 1 or |§;—2€| < 1 can be handled as before. In the remaining

dé, de.

case, we bound this integral by
/ — : —
R2 <§1>281+%_S°_a°<§ £1)20(& 25>%_S°_a0

de, d¢.

Using Lemma 8.2 in the &; integral we bound this by

1
/R <£>251+3—2ao—1+ dé’
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where
3 3
(= max(l, 281 + 5 — Sp — Qo, 250, 5 — S0 — Clo).
We leave it to the reader to check that the integral above is finite under the hypothesis of
the proposition, noting in addition that sq + s; > 0. O

Proposition 3.11, Proposition 3.12, and Proposition 3.13 below establish the smoothing

for the nonlinear wave part:

Proposition 3.11. For any admissible sg, sy and for any

. 1
a; < min (30 — 81,2890 — S1 — 5) .

there exists € > 0 such that for % —e<b< %, we have

10y v S Nl

Proof. As in the proof of Proposition 3.9, it suffices to prove that (we only consider the

sup (/ M2d§1d7'1> < 00,
&

_{grmelia) e - )
Mt = =i —n+ - e

As before we bound the supremum by

(€)Z1 2 g [2(,) 20 (¢ — )20
S%p/ -1 (E—am

s1t+ai,—b
norm Y, )

where

d&y

(€) 21201 || (g) B0 (¢ — &)
s S‘ép/ (€2 — 2€6,)1-

In the second line we made the change of variable & — & + %

de,.

For [£| < 1, we estimate the supremum by
sup/Ldfl <1,
g1 ()&t T
provided that sq > 0.
For €| > 1 we have the cases: € —2&| < 1 and |§ — 2&;| > 1. In the former case we
bound the integral by

<€>2s1+2a1+2—4so <€>2$1+2a1+2—450 e et
d 1= dp < 1 1 0 ,
/|5251<1 (£ —286)1 ¢ /|p|<1 (Ep)t= p3 )
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which is bounded provided that a; < 2sq — 7 — %

In the latter case we bound the integral by

25142a1+14+
- .

(§1)7*0(€ — &1)**0(€ — 2&1) '~
Using Lemma 8.2, we bound this by

<é—>251+2a1+1+ <£> —1—4sp+max(2sg,1)+ <§>2sl+2a1 —4s0+max(2s0,1)+

)

which is bounded provided that

a; < min(sg — s1,280 — $1 — 5) O

Proposition 3.12. For any admissible sq, s1 and for any

L < < mi 2 L3
——s<a <min|( Sy — 51,25 — 81 — =, = — 51 | .
5 1 1 0= 81,25 — 517 55 1

there exists € > 0 such that for % —e<b< %, we have

Proof. We provide the proof only for the ’-" sign in the integral. We consider

2

S lullxsos:

/R N &) F (D, uf?) (€, )| de

2
L/\

/R (A — &gl [aEn, A [A(E — €1, A — A)|dérdAde

2
LA

As in the proof of Proposition 3.10, it suffices to prove that

. / <>\ _ €>231+2a172 |§|2

u

N Jes (€EP0(E = &0 00 — PO — A+ (- &)7)
Using Lemma 8.1 in the \; integral, we bound the supremum by
<)\ _ 6)2314»2(1172 |€|2
22 sup / dérde.
%) W Jee e — ) (v e - 2gy
By the change of variable p := £(£ — 2&;) in the & integral, we bound the integral as
/ (A —g)rrem? |
R

= B lE+ OO+ )

Without loss of generality |§ — £| 2 [¢], which leads to the bound

(A — g2 ()2
(23) w E+ - PR

d€1d\ dE < oo

sup
A

dpdé.
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First we consider the case 1 < 51+ a1 < % Using so > %, then integrating in p we bound
(23) by
)\ _ 2s514+2a1—2 2 —2s0 A _ 2s14+2a1—2 2 —2s0
p [ DGR [ D0 PG
X Jre €2+ ol (A +p) x Jr (A =€)
Note that (A — &) < (A — 52) + (€)2. Thus, we bound the integral by

|§| —2s0+4s1+4a1—4 |£|2<§>72so
w [ et [ e

For [£] < 1, these integrals are finite. For |£| > 1, with the change of variable n = £2 £ & >

d¢.

€2 > 1, we bound these integrals by

()2 r2t2e s / ()2
sup dn + sup dn <1,
Alé e A S

provided that —% + 281 4+ 2a; — s¢ < 0. This holds since s1 + a; < % and s; + a1 < Sp.

Now we consider the case % < s1 4 a; < 1. Using sg > 0, we bound (23) by

(A= g2 g2 / 1
dpdé < d¢ <1,
w R L L U e EE e TR e
since sg > %, s1+a; <1, and a; < sg — s1. O

The following proposition is relevant only when —% < 81 + a; < 0, which appears in

the range of a; in the statement. This does not introduce an additional restriction on the

parameter a; since the integral in the statement does not appear in other cases.

Proposition 3.13. For any admissible sg, s1 and for any

1 . 1
—— — 8] < a; < min (so — 81,289 — 81 — 5,—31)

2
there exists € > 0 such that f0r s—e<b< —, we have
sl+a1 I*F a |U’| )| ||u||2 .
A¢§ ~oA

Proof. We provide the proof only for the ’-” sign in the integral. We consider

s1+a1
| =t Al - 6.1 - wldedrs

As in the proof of Proposition 3.10, it suffices to prove that

()22 () — €)=2 ¢ ]2
“pA;@n%wg E)20 (O — PN — M £ (€ &)B)P

2
L)\

g dM\dE < oo
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Using Lemma 8.1 in the \; integral, we bound the supremum by
2s1+2a1 _e\—2 2

x Jr2 (€)20(€ = )2 (A +€(§ — 261))

By the change of variable p := £(£ — 2£;) in the & integral, we bound the integral as
p [ b0t

¥ e T BT D o

Without loss of generality [ — £[ 2 [£], which leads to the bound

—dg, dE.

dpd€.

2s142a1 e\ 2 —2s9
w [ OO G e,

A €+ 8P+ )i~

A 2s14+2a1 ) — —2 14+min(2sop,1) —250
[ g SR
R? |€2 + p|m1n(250,1)—<)\ + )0>1_

A 2s1+2a1 ) — —2 1+min(2so,1) —250
Sop [ W06 e g
x Jr (A =82 o

We have two cases (A — &) 2= (£)? or (A — £2) = (£)2. In the former case we estimate the
integral by

< sup
A

de.

/ |§|1+min(2so,1) <§>—2so—4d§ rg 1.
R

In the latter case, we have the bound

sup / <)\>251+2a1 </\ . §>—2 <§>1—2$0—min(2$0,1)+d§
R

A

S sup/()\ o §>—2—281—2a1 <€>251+2a1+1—230—min(250,1)+d§ S 1
A R

since —% < s1 4+ a; <0 and a; < min (so — s1,250 — $1 — 3 ). O

4. ESTIMATES FOR THE NONLINEAR TERMS IN THE CRITICAL CASE

In this section we consider the case sg, s; admissible and sy = s; +1 > %

Proposition 4.1. For any admissible sy, s1 satisfying so = s1 + 1 € (%, g), we have

1_
(25) 1l 3 S T5 Nl g gl g
2s9—3 -~
(26) | [+ e i e, STl sl s
A
(27) Iralzo S ol Iy e
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where F = n(t/T)nu and

£z = Hf(f,7-)<§>80<7.+€2>—1‘

L2y
The first two are enough to run the local theory without the continuity of the Schrodinger

part of (9); the third inequality gives the continuity.

Proof. We start with the proof of (26). Using (17) and remark following it, it suffices to
prove that

259—3 -~
| [ e P vide]
R
Denoting n(t/T)u by u, as in the proof of Proposition 3.10, it suffices to prove that

sup/ (T + &%) 3

r Jre (§0)*1(€ — &) (T — &+ (- &)?)!
3
2

Li 5 ||n(t/T)u||X30’%*||n||Y317%+

¢ d¢ < oo.

1

Consider the case 5 < sop < 3. It is easy to see the contribution of the resonant cases

&1 S 1or & —26] <1is bounded in 7. In the complement of this set we have

max((T 4+ &%), (1 — & + (£ — &)%) 2 (&) (& — 2¢).

Therefore, we can bound the integral by

1
3 3 d d
K G T — el 2 T -G -G
1
+ e
/W (e — e g (e

< / L
T SR (€)1 (e — &) 0(T — &+ (€~ £)2)

—dg dg

1
+
/IR{Z (§)2 (€ = &)2o(& — 28)!
The second integral is finite by applying Lemma 8.1 to £ integral. We apply the change of

—d&, dE.

variable n = (£ — &;)? in the first integral to obtain
1

/RQ <§1>281+%_s°<ﬁ>s°\/ﬁ (T—=& +mt-

Applying Lemma 8.1 in the 7 integral, we bound this integral by

1
5 d§r < 1,
/R (¥t (r — &)= ‘

since231+%—30:sl+%>0.
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In the case % <50 < g, using the inequality

T+ ST =&+ (E=&))Na) (& —20) ST =&+ (E— &) (&) & -9,

we bound the integral by
1
/RQ (G (€ — &)™ T3 (r — & + (€ — &)2) 370"
which is finite by the argument above using the change of variable n = (£ — &)

d&: dg,

We now prove (25). We first prove the following inequality

| [ unh dadt] S ll, g (el g Tblxo0 -+ ol )

Applying this to n,n(t/T)u, and n(t/27)h, then using the remark following (17) we get
(25) by duality.

Noting that max((7 + &2), (T — 71 + (£ = &)%) = (1 + £ — (£ — £)?), it suffices to prove
that

X0

()50 (&1)21(E — &) 2%
??Ann—&wwn+e—@—&m

Using Lemma 8.1 in the 7, integral, we bound the supremum above by

<£>250 <€1>—251 <§ _ £1>—2so B <£>250 <£1>—251 <€ _ §1>—2so
CEETE = = Rl ey o e

In the equality we used the change of variable ¢ — & — % as before. Note that we can

dfldTl < Q.

&1

restrict ourselves to the case || > 1, and that the integral on |§;]| < 1 is bounded in .
Consider case |§; — 2&| < 1. Letting p = & (& — 2£), we bound the integral on the set

& —2¢ < 1y
R S 5
[ worem= | G et

In the last inequality we used Lemma 8.1 and sy > %

In the case & — 2¢| > 1, we bound the integral by

280
(E1)1251(E — &1)20 (&1 — 2€)
by Lemma 8.2.
Finally, we prove (27). By Cauchy-Schwarz inequality as before, it suffices to prove that

()20 ()2 (6 — )2
%343v+f%%n—&wﬂr—n+wg—&vﬂﬁm”“
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By integrating in 7 and 7; using Lemma 8.1, we bound this by

“ <5>250 <€1>—231 <£ _ £1>—2so
v | e e e

which was handled before; see (28). O]

5. LoCAL THEORY: THE PROOF OF THEOREM 1.3
We first prove that the map I' = (I', I'y),

Dy (um)(t) = (O3 (ge. h) — in(e) f1 €=0%% F(u,m) i+ in(t)W(0.),
Ca(u, m)(t) = (Vg (65, f) + <><n++n>—§n<>vo<o,z>,

has a fixed point in X*0(R) x Y*1(R). Here 5o € (0,2), s1 € (0, 2) satisfy

(29)

1
0<sg—s1 <1, 2$0>31—|—§>0.

We choose b < % sufficiently close to % The critical case sg = s1 + 1 will be discussed later.
Finally, F, q,ny, z are given in equations (10)—(12).

To see that I' is bounded in X** x Y*1: recall the following bounds: Combining (16),
(17), and Proposition 3.9, we obtain

S I (u,n)]
Xso,b

t
0

xoo—4+
ST unllxeors S T2 ullxsos [0y
To obtain the analogous bound for the linear wave part first note that
N(OWs(ge, h) + in(H)We(0,q) = n(t)e’ ™™= g + ()W (0,h — p + iq).
By (15), we have

In(t)e**==g.|

Using Proposition 3.3 and Lemma 2.1 (noting that the compatibility condition holds) we

xs0t S | Gellmso S 119l moo )

have

(30) (W5 (0,h —p +ig) (t)]

xs0b SR =D +19)X(0,00)]] 25041
H, * (R)

< h_ S, + S < h El + S, —‘I— S, .
Sl pHHt#(Rﬂ HQHHtLg#(RﬂNH HHS‘(}#(W) HpHHf g HQHHt#(R)
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By Kato smoothing Lemma 3.1, we have

[l eSS 1]
H, T (R)

Hso (R+).
By combining Proposition 3.7, (17), Proposition 3.9 and Proposition 3.10 we have
1
lall, 2 S T3 ulleos nlyeas
Combining these estimates, we obtain

T4 (u, m)]

1_p
X'50:b 5 ||g| HSO(R+) + ||h||Ht2iO4£(R+) +T2 b ||U,| Xso,b||n| Ysi:b-

Similarly, using the analogs of (15), (16), (17) for Y3"* norms, and Proposition 3.11 we

obtain

2

et S TE 7 fuf g

[n@) (7t +n)llysrs < [lnE)nsllyse +[In(t)n-|

For the linear part, first note that
1 1 _
V5 (0%, f) = 5n(V5(0, 2) = 5n(t) [P0y + e ] + () V50, f =1 = 2/2).

Using Proposition 3.5, and Lemma 2.1 (noting that the compatibility condition holds) we

have

(31) Ve (0, f =7 = 2/2) B)llyor0 S I(F =7 = 2/2)X0.00) |71 @)

S =1l ey + 12l @ey S N llas ey + 1rllas @) + 12150 @)
By Kato smoothing Lemma 3.4, we have
id H1(R) S 1Yy H(R) T 4] H1(R) S HnOHHﬁ(Rﬂ + [|n1] Ho1—-1(R+)

Finally, by combining Proposition 3.8, (17), Proposition 3.11, Proposition 3.12, and Propo-

sition 3.13 we have

1
1_p 2
2 Xso,b-

121 1y S T2 |l

Combining these estimates, and (15), we obtain

1T (u, )] oot

1y
yoro S las ey + [Inollao @) + 10l oy -1 gy + 172 " lu|

The estimates on the differences are similar. We thus obtain the existence of a fixed point
(u,n) in X% x Y*1°. Now we prove that u € CPH®([0,T) x R). Note that continuity
of the first and the third term in the definition of I'y is continuous in H*° by Lemma 3.2



REGULARITY PROPERTIES OF ZAKHAROV SYSTEM ON R* 27

and (30). For the second term it follows from the embedding X*2t ¢ COH® and (16)
together with Proposition 3.9. The fact that u € C’_,gHtZSiil (R x [0,7T]) follows similarly
from Lemma 3.1, Proposition 3.7, and Lemma 3.2. The analogous statements for n are
proved similarly. The continuous dependence on the initial and boundary data follows from
the fixed point argument and the linear and nonlinear estimates as above.

In the critical case sg = s1 + 1, for the fixed point argument, one needs to consider the
space X 03 x Y13+, The required bounds are provided in Section 4. The continuity of

the Schrodinger part of the solution uses in addition the bound we have for Z°' norm in

Proposition 4.1. For more details see [6, 17].

5.1. Uniqueness of smooth solutions. In this section we discuss the uniqueness of
solutions of (1). The solution we constructed above is the unique fixed point of (29).
However, it is not a priori clear if different extensions of initial data produce the same
solution on R*. We start with a proof of uniqueness in the case sqg = 2, s; = 1. It is clear
that the uniqueness of smoother solutions follows from this. The uniqueness of rougher
solutions (under additional assumptions) will follow from an approximation argument.

Let (u1,n1,11), (uz, na, vo), where v; = 9, 'ny, 7 = 1,2, be two local solutions constructed
as above starting from the same initial data but possibly with different extensions to R.
The following energy calculations are variants of the ones obtained in [27, 2, 21]

Let

U=Up — Uz, M=MN1 —Ng, V=V — .
Note that u,n, v satisfies the following system:
(i + Uy = Uy — noug, = € RT =(0,00), t€RT,
Ny = Vg,
(32) vi =Ny + (Ju|* = |ug|*)s,
u(z,0) =n(z,0) =v(x,0) = v,(x,0) =0,
u(0,t) =n(0,t) = v,(0,t) = 0.

Let

1 1 1 oe
L(t) == ||Ux||%2(R+) + 5”“”%2@&4’) + §||”||%2(R+) + EHVH%Q(RJr) +/ n(lur [ = Jugl?).
0

We have
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1 1 o°
o (gl + el + 51 ) =% [Tk [T [Ton
0

— %/ U(niup — nous) +/ nn, +/ v[(ne + (Ju]* = us2l?).]
0 0 0

The last equality follows from integration by parts. Similarly, we have

)
at”UxH%z - —2S/0 ﬂm(nlul — ’TLQUQ).

Also note that

[e%S) )
= / V$(|U1|2 - |U,2|2) - 2%/ n(u_lula;ac - U_QUQ:UZ’)
0 0

o0 o0 oo
= / Vm<|u1‘2 — ”LLQ‘Z) + 2%/ nulﬂmz + 2%/ nuu_gxx
0 0 0

In the last identity we added and subtracted nujus,, from the integrand and took complex

conjugates. Combining these identities, and then integrating by parts, we obtain

dL o0 o o0
— = S/ unus + 2%/ Uz Mol + 2%/ NUUD 4y
0 0 0

oo o [o.¢]
= %/ Tnuy — 2%/ Uyt + 2%/ MUl S |ullf + (7|7
0 0 0

Here the implicit constant depend on H? x H' norm of the local solutions.

We now estimate the mixed term in L directly. First note that
O (Jur]” = usal®) = =2 (W20 — Uotings) = —250, (Wrur, — UnUa,) -

Therefore
9 o0
Al = o = 23 [ (= )0 (o, ~ s
0

oo 0o
= 2%/ (Ululm — ﬂgng)Q = 2%/ (ﬂulx + ﬂQUx)2 .
0 0

By Cauchy-Schwarz and integrating in time, this implies that

t
[[fual® = o, < \//0 (@) [ dt"
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Therefore

fe'e) t
A nWMZ—Wﬁ>SHMMWM”%MPMSHMM¢KIMWM%ﬁK

Let
a(t) = lullzn + Inll7z + [Iv]I7=.

The calculations above (noting that L(0) = «(0) = 0) imply that

t t
a(t) 5/ a(t)dt' + v/ a(t) / a(t)dt'.
0 0
Therefore a(t) = 0 in the local existence interval, which implies uniqueness in H2x H' x H°.

6. GLOBAL WELLPOSEDNESS

In this section we obtain energy identities that imply a priori bounds for H! x L? x
H'(R") norm of the solutions of (1) when h = 0. Global wellposedness of smoother
solutions (when h = 0) and polynomial bounds on the Sobolev norms follows from this by

the smoothing estimates we obtained in the previous section, see [13, 14].

We define v € L*(R") satisfying
n=ve, v=(n+uf),.

Let
2 OO 2 1 2 1 2
B(t) = lualfe + [ nluPdz+ Sl + 5 )3,
0

Note that by Gagliardo—Nirenberg inequality

(33) uzlZz + [Inl72 + (V]2 S E() + [Juallz2]lullz,
and
(34) E(t) S luallze + 0022 + 1v0172 + [l 2 |ullZa-

Proposition 6.1. We have the following a priori estimates for the solutions of (1) when
h=0:

[ull e+ lInllz2 + [l g2 < Cllgllar, 1nollzz, nall g [1f1122) -
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Proof. The following identities can be justified by approximation by H? x H'! x L? solutions:

(35) Olul? = —23(u,),,

2 2, Lo 1, 2 —
(36) O (|ux| + njul® + oM + i ) = [v(n+ |u|*)]s + 2R (u, ).,
(37) Op (Jug|* + n® +v7) = 2[vn), — 2i[(uty), — (vi).].

We start by estimating ||u||z2. By integrating (35) in [0, 00) X [0, ¢], we obtain
/OO ]u(x,t)\2d:c:/oo |g(x)y2dx+2%/tux(o,@@ds: /OO j9() P
0 0 0 0
Using this in (33) and (34), we conclude that
E(t) < llusllzz + [InllZ2 + w17 + 1,

(38) luallZz + Il + vl S E@) + 1,

where implicit constants depend on ||g||z2. To estimate E(u,n,v), we integrate (36) in
[0,00) x [0, ¢]:

E(t) — E(0) = —/0 v(0,8)[f(s) + |h(s)|*]ds — 2%/0 u(0, 8)1(s)ds
= —/0 v(0,s)f(s)ds.

Using Cauchy-Schwarz inequality we have

(39) B(t) ~ BO) S Il /2 S T2,
where
J = / |v(0, 5)|*ds.
Finally, to estimate .J, we integrate ( n [0,00) x [0,¢], and obtain the following

inequality by discarding the positive terms on the left hand side:

J <=2 /000 [v(xz,t)n(z,t) — v(z,0)n(z,0)] dx

00 00 t
+ 22'/ u(z, t)u,(z, t)de — 2@'/ g(x)g'(x)dx + 22’/ h(s)h'(s)ds.
0 0 0
And hence

J < 2wllzzlinllzz + 2llv(z, 0)llzallnollzz + 2llullallusl 2 + 2llgll 2 9]l
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= 2l[vllzzlinllcz + 2|lv(z, 0)|lallnol 2 + 2llgll 2 luallzz + 2l 2 llgll o
S E(t)+ E(0)+ 1.

Using this in (39), we have

E(t) — E(0) S VE®) + E(0) + 1,
where the implicit constant depend only on boundary data. Therefore
E(t) S E0)+ 1.
Using (38) we conclude that ||u|g: + ||n||2 + ||v||z2 remains bounded. O

7. UNIQUENESS OF ROUGH SOLUTIONS

We now prove uniqueness in rougher norms in the case h = 0. It suffices to work with
admissible (so, s1) satisfying 0 < sg < 3, —3 < s1 <0. Let g , g be two H*(R) extensions
of g € H*(R%), 5o € (0,1/2). Similarly take extensions 7 , g of ng in H*'. Note that
ny = O0,v for some v € H**(R"). We also take extensions of ny as ny = 0,7, ny = O,
where U, 7 are H%' extensions of v.

Take a sequence g € H?(R*) converging to g in H*(R*). Let gi,gx € H?*(R) be
extensions of g, converging to § , g in H "(R) for r < sg, see Lemma 7.1 below. Similarly
construct sequences converging to fg , ng in H'(R), r < sy, and to 7y , 7y in fIT(R),
r<s —1.

Also take a sequence f;, € H'(R") converging to f in H*'(R'). Construct global solu-
tions (i, 72 ) and (g, ) in H*(R) x H'(R) with h = 0. By the uniqueness statement in
Section 5, the restriction of the solutions (@, 7iz) and (g, ) to R* are the same. Since,
by the fixed point argument, the solutions (i, 7) and (1, 7n) are the limits of these solutions

in H%0~ x H*1~ their restriction to R™ are the same.

Lemma 7.1. Fiz —1 < s < 3 and k € Z*. Let g € H(RT), f € H*(RY), and let g. be
an H*® extension of g to R. Then there is an H* extension f. of f to R so that

lge — fellar@) S lg — fllas@sy, forr <s.

Proof. Fix —% <s< % and k € Z*. We start with the following
Claim. Fix ¢y € H*(R) supported in (—o0,0]. For any € > 0, there is a function ¢ € H*(R)
supported in (—oo,0) such that [|¢ — | gr®) < € for r < s.
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To prove this claim first consider the case 0 < s < % Note that x(—oo,—s%) — ¢ in L*(R)
as 0 — 0%. Also note by Lemma 2.1 that ||x(—co—6)¢|lm=@) S ||¢]

ms(r) uniformly in 9.
Therefore X(—oo,—5¥ — ¥ in H" for r < s by interpolation. Now note that by duality
X(=o0,—6)¥ — ¥ in H" for r < s also in the case —% <s<0.

The claim follows by taking a smooth approximate identity p,, supported in (—d,0) for
sufficiently small §, and letting ¢ = [X(—oo,—5)¥| * pn for sufficiently large n.

To obtain the lemma from this claim, let fv be an H* extension of f to R, and let h
be an H*® extension of g — f to R with ||A||gs@) S [lg — f]
¥ =g — f —hwith € = ||g — fllgs@+). Letting f. = f + ¢ yields the claim. 0

msr+)- Apply the claim to

8. APPENDIX

In this appendix we provide the following lemmas that we used throughout the proof.

The first one can be found in [13].

Lemma 8.1. I[f 3>~ >0 and 5+~ > 1, then

/ (x — CL1>51<9U — a2>7dx S (a1 — az) 7 dp(ar — az),

where
1 6>1
¢pla) = {log(1+ (a)) B=1
(a)t=Ff f<1.

Lemma 8.2. If a, 5,7 >0 and a4+ B+~ > 1. Let £ := max(1,«, 3,7). Then

1
/ o S {a) 0 a)

(x — a)*{(x)?(x + a)7

the term (a)° can be discarded unless max (o, 3,7) = 1.

Proof. The inequality is clear in the case |a| < 1. For |a| > 1, the inequality follows by
dividing the integral into three pieces: |x| > 2|a|, |z| < |a|/2, |a|/2 < |z| < 2|a]. O
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